The electron and hole spectrum in single and bilayer graphene is derived from known one-dimensional models, and the relation between the spectrum and symmetry of the lattice is shown.
I. INTRODUCTION
Over the last 30 years, there has been much interest in exotic allotropic phases of carbon, for example, C 60 carbon molecules 1 and carbon nanotubes. 2 Both can be considered as rolled up single layers of graphite. Recently, a single layer of graphite, called graphene, has been produced experimentally. [3] [4] [5] This ideal two-dimensional system immediately created a large interest in the study of its electron and hole spectra. 6 The electronic spectrum of graphene 7 is shown in Fig. 1 and is a complicated surface indicating the electron energy dependence on its wave vector ͑or quasi-momentum͒ k = ͕k x , k y ͖.
At zero temperature, the lower half of this energy band is filled with electrons up to the Fermi surface E F , as shown in Fig. 1 by the horizontal plane. When the temperature increases, some of the electrons obtain additional energy, leaving holes under the Fermi surface. The energy band shown in Fig. 1 is about 20 eV wide, corresponding to a temperature of 200,000 K. Thus, room temperature, 300 K, is very low compared to this band width. Consequently, these electrons and holes ͑the low energy excitations͒ remain close to the Fermi surface. For this reason, it is not necessary to take the entire complicated energy band into account. Only small regions around the K points are of importance. One of them is circled in Fig. 1 and shown separately in Fig. 2͑a͒ .
The motion of electrons and holes in graphene in the two cones ͓see Fig. 2͑a͔͒ touching each other by their sharp tops is described by the Schrödinger equation iប ‫ץ‬ ‫ץ‬t ⌿͑r,t͒ = H⌿͑r,t͒, ͑1͒
where the Hamiltonian is given by a 2 ϫ 2 matrix H = − iបv F ͩ 0 ‫‪x‬ץ/ץ‬ − i‫ץ/ץ‬y ‫‪x‬ץ/ץ‬ + i‫ץ/ץ‬y 0 ͪ.
͑2͒
Here, ប is Planck's constant and v F is the Fermi velocity ͑the single constant characterizing electrons in graphene͒, whose value is about 300 times smaller than that of light. The wave function has a two component structure ͑spinor͒ ⌿͑r,t͒ = ͩ u͑r,t͒ v͑r,t͒ ͪ.
͑3͒
The u and v components represent the electronic wavefunction in two graphene crystal sublattices. Equation ͑2͒ is often called the Dirac Hamiltonian in analogy to the Hamiltonian in the Dirac equation, which describes electrons and positrons in relativistic quantum mechanics. 8 Because of the gapless spectrum ͑there is no energy gap between the electron and hole parts of the band͒, the exotic Klein effect is expected to take place. 9 The Klein effect for electrons and positrons was predicted more than half a century ago, 10 and its nature in the context of graphene is demonstrated in Fig. 3 . Assume that an incident electron 1 coming from the left meets the electrical barrier as shown in Fig.  3 . Due to conservation of energy, the electron moves along the horizontal dashed line. Classically, the electron, whose energy E is less than the potential of the barrier, cannot pass it and is always reflected. Quantum mechanically, an electron with a quadratic dispersion law can tunnel through the barrier. However, the tunneling probability decreases exponentially with the thickness of the barrier. The Dirac electron has another possibility and turns into hole 2 in the barrier. 11 At the end of the barrier, it changes back into electron 3 and continues its motion. For perpendicular incidence, the probability of such a process is unity and does not depend on the thickness of the barrier.
Measurements in graphene can also be done in bilayer graphene to emphasize the peculiar features of the electrons with a conic type spectrum. The spectrum of the low energy excitations in bilayer graphene is shown in Fig. 2͑b͒ . It consists of two paraboloids touching each other at their vertices.
The Klein effect takes place in bilayer graphene as well, because energy conservation does not preclude an electron from turning into a hole under the barrier. Nevertheless, quantum mechanical considerations show that the Klein ef- fect in bilayer graphene is quite different. For instance, for perpendicular incidence, the probability for an electron to tunnel through the barrier is zero.
These exotic features of single and bilayer graphene are caused by the peculiarities of their lattices shown in Fig. 4 . The graphene lattice is shown in Fig. 4͑a͒ . This lattice can be constructed by translating a primitive cell, which is shown by the shadowed parallelogram. One cell contains two carbon atoms ͑a solid circle and an open one͒. The conic point K in the graphene spectrum is a direct consequence of this primitive cell. The lattice of bilayer graphene is also seen in Fig. 4 and its top view is presented in Fig. 4͑a͒ . The upper layer coincides with that of graphene, and the lower one is slightly shifted aside. Figure 4͑b͒ shows the side view of both layers. The most important property of this lattice, which determines its spectrum, is as follows. Only one sublattice ͑solid circles͒ of the upper layer has nearest neighbors in the lower layer, as indicated by dashed vertical lines in the side view ͓see Fig. 4͑b͔͒ . The interlayer distance c is about 36% larger than the lattice constant a, which enables the layers to be considered as weakly coupled.
The aim of this paper is to illustrate how the essential features of the spectra ͑the conic graphene and touching paraboloids for bilayer graphene͒ and the description of electrons and holes by the Dirac Hamiltonian result from the symmetry properties of the lattices. Simple one-dimensional ͑1D͒ models and the tight-binding approach are used for this purpose. These 1D models bridge nanophysics with the chemistry of conjugated polymers. 12 The paper is organized as follows. In Sec. II we present aspects of the mathematical technique based on the tightbinding model and long-wavelength approximation and consider the spectrum of electrons in the simplest 1D model. In Sec. III a modified chain is presented whose spectrum is the analog of excitations in graphene. Section IV is devoted to the more sophisticated 1D model, which illustrates the spectrum of bilayer graphene. Our conclusions are given in Sec. V.
II. SIMPLE 1D LATTICE
We consider 1D electron systems described by the time dependent Schrödinger equation
and the stationary Schrödinger equation
where the eigenvalue E gives the single-electron energy.
A. Tight-binding model
Our main tool will be the tight-binding model and the long-wavelength approximation. We shall review the essential features of this tool by considering the simple 1D lattice shown in Fig. 5 . This lattice is composed of atoms ͑solid circles͒ equidistantly spaced along the x axis, shown by the straight black line. It can be used as a model of electron motion along the carbon atoms in a polyethylene chain. We display a primitive cell ͑as a rectangle͒ containing a single atom and label cells by the integer n.
The tight-binding approach 13 ͑see also Refs. 14-16͒ is based on the idea that the atomic potential is deep and electron tunneling between the neighboring atoms is weak. In this approach, the electron is described by the complex amplitudes u n such that P n = ͉u n ͉ 2 gives the probability of finding the electron at site n. In the simplest version of the approach, these amplitudes satisfy the equation
which is the tight-binding analogue of the Schrödinger equation ͑4͒. To simplify the notation, we shall use dimensionless units by measuring all distances in lattice constants a, energy in units related to the tunneling amplitude W, and the time in ប / W. These units enable us to rewrite Eq. ͑6͒ as The analysis of discrete equations of this type is the principal technique used in this paper. The single-electron spectrum follows from the equation
which is the analogue of the eigenvalue problem in Eq. ͑5͒.
B. Translation symmetry
The discrete eigenvalue problem ͑8͒ can be solved in various ways. Because our main purpose is to discuss the relation between spectrum and symmetry, we introduce the translation operator T,
which translates the lattice by unit length ͑the length of the primitive cell͒. The infinite lattice shown in Fig. 5 is invariant under the action of this operator. The translation operator enables us to rewrite Eqs. ͑7͒ and ͑8͒ in a more elegant form by expressing the Hamiltonian as
where T −1 is the inverse operator defined via u n−1 = T −1 u n . Now we can formulate the translation property as the zero commutator of the translation operator with the Hamiltonian:
which is obvious because the Hamiltonian ͑10͒ is composed of the same translation operators. This formal manipulation is useful because the commuting operators can be characterized by the same eigenfunctions. The eigenfunctions of the Hamiltonian can be found by solving the eigenvalue problem for the translation operator T:
which often is simpler than the original eigenvalue problem ͑8͒. The difference Eqs. ͑8͒ and ͑12͒, like the analogous differential equations, need boundary conditions. We follow the standard procedure by replacing the infinite lattice with a finite length chain ͑0 ഛ n Ͻ N͒ and applying periodic ͑Born-von Karman͒ boundary conditions
Thus, the algebraic equation N = 1 has to be satisfied. It has complex eigenvalues
For simplicity, we do not index the variable k, but remember that it is a discrete variable with the small ⌬k =2 / N distance between neighboring values, and it can be used for numbering the eigenvalues instead of the integer m. It is the wave vector ͑or quasi-momentum͒ of the electron. The eigenfunctions of the translation operator can be constructed by means of the same T operator. By using Eq. ͑12͒ n times we obtain
Thus, to within a normalization constant, the eigenfunction of the T operator is u n = e ikn . ͑17͒
C. Spectrum
As mentioned, the translation operator eigenfunctions coincide with those of the Hamiltonian. We substitute Eq. ͑17͒ into the Schrödinger equation ͑8͒ and obtain the following energy for the electron:
This electron spectrum for the simplest 1D lattice is shown in Fig. 6 by the solid curve. It is a typical spectrum for the tight-binding model. The spectrum is a periodic function of the quasi-momentum k, as it is in any periodic lattice. In Fig.  6 , the spectrum is shown in the interval k = ͑− , ͒, known as the first Brillouin zone.
D. Schrödinger equation and effective mass
We now consider the long-wavelength approximation, which is valid for excitations whose characteristic wavelength is much larger than the lattice constant, namely, when k Ӷ 1. The standard way of solving such problems is by replacing the difference tight-binding model equation by the differential one. Mathematically, the long-wavelength approximation is based on the expansion of all functions in a power series in k. For instance, if we use this approximation instead of Eq. ͑18͒ for the electron energy, we obtain the simpler expression
Thus, we obtain the standard parabolic band, which is shown in Fig. 6 by the dashed curve. If we replace the site label n with the continuous electron coordinate x, we may replace Eq. ͑7͒ with the differential equation
Brillouin zone Fig. 6 . ͑Color online͒ Electron spectrum in the simplest 1D lattice. The dashed curve is the long-wavelength approximation to this spectrum.
͑20͒
which is known as the Schrödinger equation in the effective mass approximation. 17 The effective mass can be obtained by going back to the original units, namely, m * = ប / 2Wa 2 .
III. MODIFIED 1D LATTICE
To illustrate the electron spectrum in graphene, we consider a more sophisticated case, the corrugated lattice shown in Fig. 7 . 18 This modified lattice differs from the one shown in Fig. 5 in several aspects. It is corrugated, that is, the atoms indicated by open circles are shifted up with respect to those indicated by solid circles. The new lattice contains two atoms in the primitive cell, as is shown in Fig. 7 by the shadowed rectangle. We assume that tunneling amplitudes along the tilted bonds are both the same. Thus, the problem is formally the same but with different notation u n for the electron amplitude at the solid circle and the symbol v n for the open circle. The Schrödinger equation ͑7͒ is replaced by two coupled equations:
A. Symmetry properties
By translational symmetry, the lattices in Secs. II and III are different, because the primitive cell is twice as large for the corrugated lattice. This lattice is no longer invariant under the action of the translation operator T but is invariant under translation by two sites or under the action of operator T 2 , which is defined by
For simplicity, we introduce a two-component wave function for the electron amplitudes:
͑23͒
From now on, script symbols for the operators will be used to represent 2 ϫ 2 matrices. Thus, instead of Eq. ͑22͒, we use the notation
can be represented as a Schrödinger equation with the matrix Hamiltonian:
ͪ.
͑25͒
It is straightforward to check that this Hamiltonian commutes with the translation operator T 2 , and consequently, its eigenfunctions can be obtained by solving the eigenvalue problem for T 2 . If we impose the modified Born-von Karmen boundary conditions u N/2 = u 0 and v N/2 = v 0 and use the same definition for k as in Eq. ͑15͒, we obtain the eigenvalues of the new translation operator m = k = exp͑2ik͒ and its eigenfunctions:
͑26͒
These eigenvalues do not solve the spectrum problem, because the translation operator T 2 is weaker ͑it has half as many eigenvalues as the operator T͒. Consequently, the eigenfunction ͑26͒ has two undetermined constants ͑u , v͒. We substitute this eigenfunction into Eq. ͑5͒ and obtain two algebraic equations Eu = − ͑e −2ik + 1͒v = − e −ik ͑k͒v, ͑27a͒ Ev = − ͑1 + e 2ik ͒u = − e ik ͑k͒u. ͑27b͒
We set to zero the determinant of Eq. ͑27͒ and obtain the dispersion relation
where ͑k͒ is given by Eq. ͑18͒, so that the spectrum becomes
which is shown in Fig. 8 by two solid curves. We see that the spectrum is the same as for the simpler lattice considered in Sec. II C, shown in Fig. 8 by a dashed curve, but is interpreted differently. The left part of the spectrum branch from the simpler lattice has been translated to the right by the shortest reciprocal lattice vector ͑2 / 2͒ of the corrugated lattice to fit it in the Brillouin zone ͑which is smaller by a factor of two͒. There are two spectrum branches because there are two single level atoms in the primitive cell. Figure 8 shows the crossing of two spectrum branches, which is possible only for branches with different symmetry properties. We next discuss what kind of symmetry allows these branches to cross each other. 
B. Combined symmetry
From Fig. 7 it is easy to find one more symmetry operation under which the corrugated lattice is invariant. It is the translation of the lattice by unity ͑by half of the primitive cell length͒, followed by a reflection in the transverse direction ͑u v͒. It is the analogue of the glide plane known in 3D lattices. 19 This combined operation can be represented by the operator
where this T operator translates the lattice by unity ͑by half of the primitive cell͒ and is defined as
It follows from Eq. ͑31͒ that T 2 = T 2 , and exp͑ik͒ is the eigenvalue of the operator T, corresponding to the eigenfunction ͑26͒. A straightforward calculation confirms that the operator K commutes with the Hamiltonian ͑25͒, and consequently the equation
can be used to classify the electron spectrum branches. The eigenvalues and corresponding eigenfunctions are
If we substitute these eigenfunctions into Eq. ͑27͒, we find that the sign of the energy in Eq. ͑29͒ coincides with the sign of the eigenvalue Ϯ .
We now see that the two spectrum branches shown in Fig.  8 by solid curves are differentiated by a new quantum number . Consequently, they have different symmetry, and their crossing does not contradict quantum mechanics. For the two-dimensional graphene lattice, this quantum number is known as chirality.
20

C. Dirac Hamiltonian
The crossing of spectrum branches in Fig. 8 is the 1D analogue of the K point in the two-dimensional graphene spectrum shown in Fig. 2͑a͒ . We now assume that the Fermi energy coincides with the intersection point ͑as in graphene and conjugated polymer polyacetylene͒, and we focus on the excitations close to it and exploit the long-wavelength approximation. Namely, we change the origin of the Brillouin zone by the substitution
and consider the small momentum limit ͑k Ӷ 1͒. After this replacement, the electron spectrum ͑29͒ becomes
which resembles the conic spectrum of two-dimensional graphene. In this long-wavelength approximation, the Hamiltonian ͑25͒ has to be changed as follows: 
ͪ. ͑36͒
This Hamiltonian acts on the wave function ͑26͒. To generalize it for any wave function, we have to replace the momentum k by its differential analogue −id / dx, which converts the Hamiltonian to
is the 1D analogue of the Dirac Hamiltonian ͑2͒ used in the description of electrons and holes in graphene.
IV. TWOFOLD CORRUGATED 1D LATTICE
We now discuss a more complicated lattice that will serve as an analogue for charge carriers in bilayer graphene. It is composed of two corrugated 1D chains 21 as shown in Fig. 9 . In this lattice, electrons can tunnel along the chain ͑with the amplitude equal to unity͒, as in the lattices we have considered previously, and also jump to the neighboring chain. This transverse tunneling ͑shown by vertical lines͒ is possible only between the closest neighboring sites ͑solid circles͒, because it is the analogue of the bilayer graphene lattice shown in Fig. 4 . We assume that this weak tunneling between the chains is characterized by a dimensionless tunneling amplitude s.
A. Schrödinger equation and translation symmetry
In the primitive cell ͑shown by the rectangle͒, there are four atoms. We generalize the description in Sec. III A and use a four-component wave function ͑a collection of the electron amplitudes on the different sites indicated in 
͑38͒
This lattice is invariant under the action of the translation operator n+1 = T 2 n , from which it follows that the wave function can be represented as
s Fig. 9 . ͑Color online͒ Twofold corrugated 1D lattice.
The wave function satisfies the stationary Schrödinger equation ͑5͒ ͓or Eq. ͑4͔͒ with the 4 ϫ 4 matrix Hamiltonian:
. ͑40͒
B. Additional symmetry and spectrum
If we substitute the wave function ͑39͒ into the stationary Schrödinger equation with the Hamiltonian in Eq. ͑40͒, we obtain four linear equations for the wave function components u, v, p, and q. To simplify the calculation, we notice that the lattice has an additional symmetry: it is invariant under a reflection in the transverse direction, which can be represented with the aid of the operator P defined by
The inversion applied twice is equivalent to the identity operation ͑P 2 =1͒, and thus the eigenvalues of the operator P are equal to Ϯ = Ϯ 1. It can be considered as the parity operator, and hence the eigenfunctions of P are the analogues of the symmetric and antisymmetric functions, namely,
We introduce symmetric and antisymmetric eigenfunctions
substitute them into the stationary Schrödinger equation, and obtain two decoupled equation ͑Ϯ͒-sets:
Their solution leads to the following spectra for two noninteracting electron systems:
This spectrum is shown in Fig. 10 in the small Brillouin zone ͑as in the previous case of a single corrugated chain spectrum͒. The noninteracting groups of spectrum branches are shown by solid and dashed lines. These spectrum branches have different symmetry, and the corresponding eigenfunctions differ by their parity with respect to inversion along the transverse direction. The spectrum branches in each group ͑solid or dashed͒ have the same symmetry, which is why they repel each other, and we see an anticrossing. The model is characterized by a single constant s that is responsible for the energy gaps in the groups and the shift between the groups as well. That is why we see the touching branches at the point k = / 2 for any value of the parameter s.
C. Dirac Hamiltonian
We focus on the analogue of bilayer graphene and 1D polymer acene and assume that the Fermi energy coincides with the touching point of the two spectrum branches in Fig.  10 . Let us consider the long-wavelength approximation and move the zero point of the k-axis to the touching point by means of transformation ͑34͒, and let us assume that the new quasi-momentum satisfies the condition k Ӷ 1. In this case, the expansion of the Hamiltonian ͑40͒ in a power series in k converts it into
By changing the momentum k to the corresponding derivative −id / dx ͓as was done in Eq. ͑37͔͒, we arrive at the 4 ϫ 4 matrix Hamiltonian:
which is valid in the long-wavelength approximation. This matrix is the 1D analogue of the two-dimensional Dirac Hamiltonian used to describe the electrons and holes in bilayer graphene.
D. Two-band approximation
If we are interested only in electrons and holes with excitation energies much less than the energy gap ͑whose value coincides with the value of parameter s, see Fig. 10 a further simplification is possible. In this case, only two central branches in the spectrum shown in Fig. 10 are important. We construct such a two-band approximation and start from Eq. ͑4͒ with the Hamiltonian ͑47͒ and rewrite it as the following set of equations for the wave function components: which is the 1D analogue of the two-dimensional Hamiltonian used for the description of electrons and holes in bilayer graphene in the two-band approximation.
V. CONCLUSIONS
We have shown that the peculiarities of the excitation spectra in single and bilayer graphene, namely, the conic type spectrum at the K-point in graphene and the touching of different symmetry spectrum branches in bilayer graphene, have analogies in the electron spectrum in 1D chains and are mainly caused by translation and additional symmetries. Such analogies can be useful pedagogically and can motivate us to look for similar electronic phenomena in twodimensional graphene and 1D polymers. For instance, the Klein effect should also occur in trans-polyacetylene.
